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Institute for Numerical Trunsport Theory Department of Mathematics, 
Texas Tech University, Lubbock, Texas 79409 
The stability, convergence, and consistency properties of the steady-state multi- 
group model are investigated for subcritical slab media. These concepts are defined 
in a Banach space setting in which the norm of the angular flux yields the maximum 
value, over the position and angular variables, of the energy-integrated angular flux. 
It is shown that the multigroup approximations are stable, and are both consistent 
with, and convergent to, the transport equation under the conditions that the 
maximum fluctuations in the total cross section, and in the number of secondary 
particles arising from each energy level, tend to zero as the energy mesh becomes 
finer. These results in this particular Banach space setting extend to slab transport 
those results obtained by P. Nelson in a shielding norm setting for multigroup 
transport in submultiplying rod media. 
I. INTRODUCTION 
The multigroup method is perhaps the single most widely used technique 
for approximately determining the energy distribution of particles in a 
system modeled by linear transport. There is a vast amount of practical 
experience in using this method, but a dearth of work concerned with 
theoretical studies of the accuracy of multigroup methods. The articles of 
Belleni-Morante and Busoni [3], of Yang and Zhu [7], of Nelson [8], and of 
Nelson and Victory [9], represent the only such works of which the author is 
aware. In the first work, time-dependent transport for homogeneous, i o- 
tropically scattering slabs is considered and the results are presented in an 
L’ setting. The results of Yang and Zhu extend those of Belleni-Morante to 
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isotropically scattering, bounded, three-dimensional convex media, and 
convergence of the time-dependent multigroup solutions was shown to 
occur in an LJ’ context for general p, 1 5 p -C 00. The work by Nelson 
deals with proving convergence of the multigroup solutions for steady-state 
transport for rod media in a Banach space setting in which the norm of the 
angular flux is taken as the maximum value of the energy-integrated scalar 
flux; the analysis by Nelson and Victory [9] examines the convergence 
question of the multigroup approximations in an Li-context for submulti- 
plying, steady-state slab media. We note that G. I. Marchuk, in an excellent 
survey article examining the contributions of Soviet mathematicians and 
physicists to numerical techniques for solving transport problems [6], pointed 
out that the theoretical justification of the multigroup method is one of the 
important unsolved problems in the field of numerical methods for trans- 
port and diffusion equations. 
Apart from the intellectual motivation behind a convergence analysis of 
multigroup methods, there is the observation of potential inaccuracies in 
using such methods to compute fluxes in media with deep minima in the 
cross section data (see, for example, [2]). The recognition of such difficulties 
prompted the development of the multiband method by Cullen [4] (see also 
Nikolaev [ll] for a citation of several Soviet works concerning a related 
method). It is hoped that a theoretical study of the convergence properties 
of the multigroup approximations will provide some insight into the capabil- 
ities and limitations of the method and suggest perhaps strategies of 
choosing the multigroup structure so that the errors incurred in using the 
multigroup method are minimized. This work, and the works by Nelson and 
Nelson and Victory on the continuous-energy rod and slab models [S, 91, are 
presented as initial efforts in the direction of obtaining a convergence theory 
for multigroup methods for steady-state transport. 
In Section II, we describe the slab model in detail and give an existence- 
uniqueness theorem in the function space whose norm is taken as the 
maximum value, over position and angle, of the energy-integrated angular 
flux. The multigroup model is formulated in Section III, and the notions of 
convergence, consistency, and stability, as applicable to the multigroup 
model, are outlined in Section IV. Section V deals with showing stability, 
consistency, and convergence of the multigroup approximations to the 
transport equation for subcritical slab media. The type of convergence 
considered in this paper is strongly motivated by the requirement hat the 
approximations yield accurate estimates of integral quantities which are 
often utilized in shielding studies (e.g., the emitted flux at the boundary of 
the medium). Consistency and convergence are shown under the conditions 
that the maximum fluctuations in the total cross section, and in the expected 
number of secondary particles arising from each energy level, tend to zero 
as the energy mesh becomes finer. 
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II. THE ENERGY-DEPENDENT SLAB MODEL 
We write the stationary, energy-dependent, azimuthally symmetric, linear 
transport equation in the form 
EL$,P, E) + (J(& E)‘k(w., E) 
P x,P’, E’, P, E)+, E’)‘+, P’, E’) &‘dE’, ( 
(2.1) 
where u(x, E) is the total cross section; p(x,p’, E’, p, E), the transfer 
kernel; and q, the flux distribution from internal sources. We consider (2.1) 
with boundary conditions at x = 0 and x = a given by 
~(O,P, E) = F,(P, E), P ’ 0, (2.2a) 
*(a,~, E) = &(P, E), P < 0. (2.2b) 
For the problem defined by (2.1) and (2.2) x E [0, a], with a representing 
the width of the slab, p E [ - 1, l] and E E [Em, EM), with E,,, and EM 
respectively denoting the minimum and maximum energies attainable by a 
particle. 
The integral equation formulation of (2.1) is 
‘+, P, E) = MQ’+ P, E) + 4(x, P, E), (2.3) 
where the operators M and Q are defined respectively by 
Mfb> ~3 E) = ~%P(x - x’)h-’ 
E) dy)f(x’, p, E) dx’, (2.4a) 
and 
Qfh CL, E) = f"j_ll P x, P', E', p, E)u(x, E')f(x, p', E') dp'dE', ( 
", 
(2.4b) 
with H(t) denoting the Heaviside function defined by 
H(t) = { 1, t ’ o,\ 0, t < 0.l ‘. (2.5) 
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The function 4(,x, p, E) representing the uncollided particles from internal 
and boundary sources is given by 
with 
u(x, ~1, E) = F,h E)exp - ~/‘o(Y, E) 4 , 
i 1 
(2.6b) 
a 
where ci = 0 or a according to whether p > 0 or p < 0, respectively. 
We will subdivide the spatial domain [0, a] into a finite number of 
subintervals Ij = [aj, 13~1, j = 1,. . . , N, with plj = yj+i and a, = 0, 8, = a. 
The endpoints of each Ii are to be. points of discontinuity of the cross 
section data. More precisely, we shall impose the following assumptions on 
u and p: 
ASSUMPTION A. The total cross section u(x, E) is positive and bounded 
away from zero with lower bound denoted by a,. Also, the mapping 
x + u(x, E) is a continuous I,-[ Em, I?,)-valued mapping of each Ij, 
j=l , . . . , IV, where L”[ Em, EM) is the Banach space of functions essen- 
tially bounded with respect o the Lebesgue measure on [Em, EM). The 
upper bound of u(x, E) then exists and will be indicated by Us. 
ASSUMPTION B. The transfer kernel p(x, p’, E’, y, E) is nonnegative 
and satisfies the following additional assumptions: 
(i) the quantity 
is bounded above for (x, cd) E [0, a] X [ - 1, 11; 
(ii) given E > 0, there exists a S > 0 such that 
kw’,E’,~,E)dE 1 4’ < E 
(2.7) 
(2.8) 
uniformlyin(x,p)EIjX[-l,l], j=l,..., N; 
(iii) given E > 0, there exists a 6 > 0 so that whenever max(]x - x0(, 
1~ - p,J) < 6, x,x0 E Ij, then 
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(iv) if we define p( X, p’, E’, p, E) = 0 whenever E or E’ is greater than 
E,,,, or whenever E or E’ is less than E,,,, then for each (x0, p,,) E Ij x 
[ -l,l], j = 1,2,. . . , N, 
(2.10) 
Remarks. Items (i) and (ii) of Assumption B can be given physical 
interpretations. For item (i), we note that /im~p(x, p’, E’, CL, E) dE yields 
the expected number of particles in direction p resulting from a collision of 
a particle at x with direction p’ and energy E’. The supremum over E’ 
yields the maximum expected number of particles with direction p which 
result from a collision at x of a particle with incipient direction $. The 
integral over $ sums such maximal contributions, i.e., (2.7) states that the 
maximum (over energy) expected number of particles emanating from a 
collision at x and moving in direction p is bounded above uniformly in x 
and CL. Such a condition is somewhat weaker than requiring the total 
number of particles with direction p, emanating from a collision at x, be 
bounded. Item (ii) merely states that the particles with directions parallel or 
nearly parallel to the slab faces contribute negligibly to the maximum 
number of resulting particles moving in a direction specified by p. The 
remaining assumptions are technical assumptions and are satisfied by any 
reasonable data; in particular, the conditions on the total scattering cross- 
section data imposed by Belleni-Morante and Busoni in [3] satisfy these 
hypotheses. 
The existence and uniqueness of solutions to (2.3) will be studied in a 
normed setting motivated by shielding problems. For such problems, func- 
tionals of the angular flux at one of the slab faces, x = 0 or x = a (e.g., the 
emitted scalar flux or current), are often of most interest. For this reason, we 
wish to study solvability of (2.3) in the space, 
WI = (f(wJ): bd +fb,w) is continuous on each 4 x [ - 1 , l] , 
j=l , . . . , N, to L’ [ E,,, , EM) with the possible exception of points 
x=O,~=Oandx=a,~=O,wheref(O,~,~)andf(a,~,~) 
each have one sided limits in L’ [ Em, EM) as p -+ 0 } . 
Equipped with the following norm specified for an element f E %Tl by 
Ilf lb1 = SUP /%(x, EL, E)ldE, 
(x.a) -% 
(2.11) 
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Vi is easily seen to be a Banach space. Moreover, with the same norm, the 
function space 
VP = {f(.~,p,E): (x,~) +f(x,~;)iscontinuousfromeachZ, 
xi-Ll] toL’[J%,E,)] 
is also a Banach space. 
The mapping properties of M and Q individually are described in the 
following two lemmas whose proofs comprise Appendixes A and B: 
LEMMA 11.1. Under Assumptions A and B, M is a continuous linear 
mapping of VP to VI. 
LEMMA 11.2. Under Assumptions A and B, Q is a continuous linear 
mapping of V, to VP. 
We wish to show that MQ is an eventually compact linear mapping of Vi 
to Vi. The compactness properties of MQ will rely crucially on the 
following abstract version of the Arzela-Ascoli characterization of compact 
sets in spaces of continuous functions [5, p. 1371, which we state here for 
convenience: 
THEOREM 11.1. Let X be a compact metric space and Y a Banach space 
with norm denoted by \l-llu. Let C,(X) be the Banach space of functions 
continuous on X with range in Y, equipped with a norm specified for an 
element f by 
llfll = y$;llfbllY. (2.12) 
In order that a subset H of C,(X) be relatively compact, necessary and 
st.@cient conditions are that H be equicontinuous and that, for each x E X, 
the set {H(x)} of all f ( x ) , such that f E H, be relatively compact in Y. 
In applying this theorem, we let X = [0, a] X [ - 1, l] and Y = 
L]-[ E,,,, E,,,,). From the results of Lemmas II.1 and 11.2, we can conclude that 
QM is a continuous linear mapping of 9’ into itself. It will be seen shortly 
(Lemma 11.3) that the complete continuity properties of MQ will follow 
directly from those of QM. In applying Theorem II.1 to prove complete 
continuity of QM, we must have criteria for relatively compact sets in L* 
function spaces. Such criteria are provided by the Frtchet-Kolmogorov 
theorem [13], which is stated here for compact subsets of L*(R), where 
R = (-ccl,oo): 
THEOREM II.2 (Frechet and Kolmogorov). Let R denote the real line and 
9, the a-ring of Baire subsets of R with m(B) = Is dt the ordinary Lebesgue 
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measure of B. Then a subset X of LP( R, 9, m), 1 I p < 00, is relatively 
compact if and onIy if it satisjes the conditions: 
tc) Ji% !,,,>a If(s)lPds = 0 uniformfyforf EX. 
Remark. We shall consider functions in L’[E,, E,,,) to be in L’(R) by 
defining them to be identically zero outside [E,,*, E,). Therefore, we must 
only verify the first two criteria of the Frechet-Kolmogorov theorem in 
order to show that {QMf(xo,po, .): IIf )14p I l} is relatively compact 
whenever E, < 00. We shall omit the proof of this theorem; the proof is a 
trivial adaptation of the proof of Theorem V.l, which we provide, as it is the 
crux of our convergence analysis. 
THEOREM 11.3. The mapping QM is a completely continuous mapping of 
VP into VP. 
Remark. The analysis thus far has been for the case where EM -C 00. To 
extend the results of Lemmas II.1 and II.2 and Theorem II.3 to the case 
E,,,, = 00, we need only augment part (iv) of Assumption B by the following 
condition on p(x, p’, E’, p, E): For any (x0, pa) chosen in [0, a] x [ - 1, 11, 
Ocp(xO,p’, E’,po, E) dE d/l’ = 0. 1 (2.13) 
This assumption merely states that the maximum (over energy) expected 
number of particles, shunted to energies greater than Ee having direction 
pet becomes smaller with increasing Ea. By defining p (x, p’, E’, p, E) = 0 
for E or E’ less than E,, we see that the third requirement of Theorem II.2 
is met for showing compactness of QM when E, = 00. 
LEMMA 11.3. The operator MQ is an eventually compact linear operator 
mapping %?l into itself. 
Proof: We note that (MQ)2 = M(QM)Q and the assertion follows. 
Our next assumption is concerned with the solvability of (2.3) in 9,: 
ASSUMPTION C. The problem defined by (2.3) is subcritical, i.e., 
IIMQII,, < 1, (2.14) 
where IIMQII, denotes the spectral radius of MQ, defined to be 
lim n -+,II(MQYII”“~ 
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We see that q E %r if the internal source density q E VP and the 
boundary data F,(p, E) and F,( - p, E) are continuous mappings from 
[0, l] to L’[E,, E,,,). With these conditions on q, F,, and F,, we see that 
(2.3) will have a unique nonnegative ‘I! by virtue of Assumption C. 
In analyzing the continuity properties of (@P/8x)(x, p, E), we observe 
that, for any q E VP,Mg will have a derivative with respect to x, which 
will be a continuous mapping of each P,, j = Ij X { [ - 1, - S,] U [So, 11) to 
L’[ E,,,, E,) for 6, > 0. Indeed, for h # 0, the difference quotients 
h-‘[Mg(x + h, p, E) - Mg(x, CL, E)] will have this property; the bounded- 
ness of a(x, E) with the continuity of the mapping x + a(x, E) for x E Ij 
to L”[ E,, EM), j = 1, . . . , N, enables us to show 
lim max 
II 
Mg(x + k/-G) - W&j-O) _ g(wJ) 
h-0 (X,P)EBO,/ h P 
(2.15) 
and 
lim max 
I/ 
u(x + k/d) - u(wJ) 
h-+0 (X,P)E%,j h 
+ +J)u(wG) 
I/ 
= o 
P 
3 (2.16) 
L’[-%,. EM) 
where h + O+ or h --, O- whenever x = aj or x = p,, j = 1,. . . , N, respec- 
tively. 
We immediately deduce that under the conditions imposed on the total 
and scattering cross section data in Assumptions A and B, the function 
Z(x, ~1, E) = ~(@P/~x)(x, p, E) is a continuous mapping of each f&,, j to 
L’[ E,, E,) and is precisely equal to 
Q*(x,p, E) + q(w, E) - +, E)'I'(x, P, E). (2.17) 
From (2.17), we note that Z(x, p, E) can be extended to be a function in 
V,, since the functions in (2.17) lie in VI. We summarize our results in 
THEOREM 11.4. Under Assumptions A-C, if q E VP and if F,( p, E) and 
F,( -/.L, E) are continuous mappings of [0, l] to L’[E,, E,), then there exists 
a function ‘P(x, ~1, E) E Vl, with p( N/8x)(x, CL, E) E Vl, which satisfies 
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Eq. (2.1) and the boundary conditions (2.2) in the sense that 
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Iim max J EMl’+, P, E) - J&1., E)I dE = 0, x-0 P~[O.ll E”, 
(2.18a) 
Iim max J ( EM\!I’ x,p, E) - F,(p, E)]dE = 0. x--u pE[-1.01 En, 
(2.18b) 
III. THE MULTIGROUP APPROXIMATIONS 
To adequately describe the multigroup approximations to the boundary 
value problem given by (2.1) and (2.2a), (2.2b), we partition [Em, EM) into 
G,, subintervals 1; = [,?$i, E;), g = 1,2,. . . , G,,, such that Em = E,” -C Ef 
< . . . <E; = CM. As is weII known, the multigroup equations provide 
approximati&s \kg”(x, p), g = l,, . . . , G,, to the exact angular flux in- 
tegrated over each energy interval 1;, g = 1,. . . , G,. Our determining 
equations are 
g= 1,2,3 G ,***, n, (3.1) 
with 
and 
q&, A = &4(x, c1, E) dE> (3.2~) 
g=1,2 G ,*--, “. 
The approximate cross section data i$(x) and &,(x, CL’, p) used in (3.1) 
are defined respectively by 
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and 
Ii 
with q&(x) given in terms of a referenceflux ‘E,(x, E) by 
(3.3b) 
(3.3c) 
We refer the reader to [9, Sect. III] for a detailed discussion of the basic 
criteria used in selecting a reference flux and of the methods actually used 
for obtaining it. Also, the fundamental conditions imposed on the reference 
flux \k,(x, E) necessary for our convergence analysis can be found in the 
above reference. In addition, we assume that the mapping x + \k,(x, E) is 
a continuous, L’[E,,,, E,)-valued mapping from each II, j = 1,. . . , N. 
Such an assumption implies that i?:(x) is continuous on each Zj and 
bounded above and below by uM and a,,,, respectively. 
At this point, we define Pn*, \k E %?t, to be the G,-tuple given by 
We note that formally {T,“(x,p), g = l,..., G,} = Pn\k”(x,p, E), where 
P(x,p, E), E E Ig”, solves 
0 ‘P”( x, p’, E “‘) dE “’ dE’ dp’, (3.5) I$ 1 i 
*“@A E) = &(P, E), P ’ 0, (3.6a) 
*“(w, E) = &(P, E), /.l -e 0. (3.6b) 
Equations (3.5) and (3.6a), (3.6b) formally allow us to extend the multi- 
group approximations to be functions with common domain [0, a] x [ - 1, l] 
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x [E,, E,). Of course, it is incumbent upon us to ascertain solvability of 
(3.5) and (3.6a), (3.6b) in ‘+?i. The advantage to be gained from such 
endeavors is to allow us to study the convergence question in a functional 
analytic setting and to apply the collectively compact operator approxima- 
tion theory developed by Anselone [l] for such a mathematical setting. 
Solving equations (3.5) and (3.6a), (3.6b) leads to the integral equation for 
\k”: 
V(x, p, E) = M,Q,P,Y”(x, P, E) + %x(x> P, E) 
+M,qb, PL, E), (3.7) 
where M, and Q,P, are given by 
M,f(v, E) = Jdlfh(x - x’))W1 
.expj-~~~(~)d~}f(x’,c,E)dx’, 
(x,p,E) E [O,a] X[-l,l] XI:, (3.8a) 
(x,/G) E [O,a] x[-Ll] xl;, (3.8b) 
with (PJ)s(x, PC> denoting the gth component of P,f(x, p). The contribu- 
tions from the boundary sources are given by 
(x, p, E) E [0, u] x (0, l] X Zg”, (3.9a) 
and 
(x,p,E) E [O,a] x[-1,O) XI;. (3.9b) 
As a remark, we would like to point out that if M, and Q,P,, are, 
respectively, continuous linear mappings of VP to %‘i, and of ‘%Z1 to VP, 
then any solution W of (3.7) and (3.9a), (3.9b) will have the same continuity 
and differentiability features described for \k in Theorem 11.4. Such proper- 
ties can be deduced for \k” by an analysis similar to that preceding this 
theorem. In Section V, we shall address the mapping properties of M, and 
Q,Pn along with our convergence question. 
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IV. APPROXIMATION OF LINEAR OPERATOR EQUATXONS 
We discuss briefly various concepts related to the approximation of linear 
operator equations. We consider an equation of the form 
Lf=g, (44 
where L is a linear operator with domain dense in a Banach space ?3 and 
with range B; g E %? is given and f E B is sought. Let this problem be 
approximated by 
L,fn = Jng, (4.2) 
where L, again has range in % and domain dense in 8, and J,, is a 
bounded linear operator defined on 8 and mapping 9 into 8. The 
approximations (4.2) are stable if L;’ exists for all sufficiently large n and 
the corresponding set { ]\L; ‘I]} is uniformly bounded. The approximations 
(4.2) are consistent with (4.1) (relative to a particular solution f of (4.1)) if f 
is in the domain of L, for all sufficiently large n and L, f + Lf, J, g --$ g as 
n + oo. The approximations (4.2) are conuergent at g if g is in the domain 
of L;’ for suthciently large n and L;‘g converges (in the %-norm) as 
n --) cc. A rather detailed discussion of these and related concepts can be 
found in Section III of [lo]. 
Recall, now, that a set X of bounded linear operators on a Banach space 
into itself is collectively compact if the closure of {Kx: K E X, ]]x]] < l} is 
compact in %. The following result is needed for our analysis, and we refer 
the reader to [l, Theorem 1.61 for the proof. 
PROPOSITION IV.1. Let K, K,, n = 1,2,. . . , be bounded linear operators 
with domain equal to and range contained in a Banach space 8. Suppose 
further than K, -+ K pointwise and the set {K,, n 2 l} is collectively 
compact. Then (I - K)-’ exists, if and only if for some NO and all n 2 NO, 
the operators (I - K,)-’ exist and are bounded uniformly, in which case 
(I - K,))’ * (I - K))’ strongly. 
V. THE CONVERGENCE ANALYSIS 
We make one important observation before developing our convergence 
theory: For each n, M, as defined in (3.8a) is a continuous bounded 
mapping of %Zp to %i, and the map Q,P, defined by (3.8b) is continuous 
with domain vi and range in V ‘. The proof of these results consists of a 
trivial modification of the proofs of Lemmas II.1 and 11.2, respectively. The 
alteration is the use of the piecewise continuity of the L’[E,, E,,,,)-valued 
mapping, x + \k,(x, E). 
The convergence properties of the sequences M, and Q,P, are of 
paramount importance in our analysis. We have the following lemma: 
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LEMMA V.l. Suppose that both 
-p(x,p’, E’,p, E)a(x, E’) dE drJ’: x E [O,a], 11 
p E [-l,l], 1 < g’ < G, , 
1 
w 
and 
X,= max llg~G [sup{ I~;(4 - 6 0: (x7 E) E [o, 4 x I;>] (5.2) 
II 
approach zero an n + co. Then the sequence {Q,P, } converges to Q in the 
associated operator topology, whereas M, converges to M strongly (i.e., 
pointwise). 
Proof We first examine the convergence of the sequence {Q,P,,, n 2 1 }. 
We select f E VI and write 
%,b, Et’> 
%gW dE” f (x, /L’, E’) dE’d,‘. 
Therefore, (5.3) 
J E”IQ,R,fhE) - Qf(wO)ldfi % 
-p(x,p’,E’,p,E)u(x,E’) f(x,p’,E’)dE’dp’ dE 
I I 
-&w-G E’,pL, E)+, E.)(dE] 
.If(x,$,E’)IdE’d$. (5.4) 
240 H. D. VICTORY, JR. 
From this, we see that for (x, p) E [0, a] x [ - 1, 11, 
and the uniform convergence of QnP, to Q follows. 
The proof of the strong convergence of M, to M is rather delicate and the 
details are relegated to Appendix C. However, we provide estimates for 
max J E”IM,J(x,~, E) - W(x,pL, E)ldE ( x 3 B ) E,,, 
for (x, cl) in various closed subsets of [0, a] X [ - 1, 11. Toward this end, we 
select an arbitrary E > 0 and define n0 to be the maximum q which 
guarantees that 
max 
(1 
EEMlf(x,p,E) -f(x,,p,E)ldE: -1 I p I l} < E, (5.6a) 
,)I 
II+, El - +o, ~)Ib[E,,En,) < E, (5.6b) 
whenever Ix - x0] < q. Because of our assumptions on the reference flux 
‘kO(x, E), we see that 
,;‘,“,p, Fgw - ~gYxo)I < E* (5.6~) 
) 
We present results for nonnegative p. For the region {(x, p); p 2 6 > 0, 
0 I x I a}, we have 
for the region {(x,~): x 2 qO, p I S}, 
(5.7a) 
max J E”IMf(w,E) -M,,fh,~E)I~~ ( .x *CL ) E,,, 
5 4~,~~211fIl~~exp(-u,~o/2S) 
+2u;‘exp( -u~~,/26)maxJEEUlf(x,0+, E)]dE + ~u~u;~X,\]~]]~~ 
,!I 
+2w;311fllo~max i II+, ~9 - 4~‘~ JO~[E,,,E,~~ 
90 -- 2 IX’--Xl0 I 
+ 2u,ui2max -f(x,o+,E)(dE: -F IX-- X’SO) 
+ CJ~ 2X,max J EEMlf(X,O+, aI& ,>I (5.7b) 
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for the region {(x, p): 0 5 x I 770, P 5 4 X 5 (770/6)Pl9 
rn~$~Mf(x,p,E) - M,f(x,~J)ldE 
m 
2 ~~,~,-311fll%7~ 
emax t IIu(x, E) - u(x’,E)IIL=[E,,,EMM): 0 5 x,x’ 5110) 
+ 2u,u;*max 
i/ 
EEMlf(Xr, p, Jq - j(x, o+, E)I &: 
M 
0 I x,x’ I T)o,E” I s 
j 
+2X,a,*max 
(/ 
EEMlf(x,o+, E)ldE: 0 I x I q,} 
m 
+2~~u;~llfll~~X, + a+~;*(1 - exp{ -Xnvo/6}) 
. max 
(1 
EYlf(X,O+, E)JdE: 0 I x I Tj() ; 
) 
(5.7c) 
E”, 
for the region {(x,~): 0 IS x _< qo, P I 6, x > (qo/6)~}, we have 
max J E”IW(w,E) -M,,fb~-O)l~~ (X.Pt) E,, 
2 %.f~,-311fllw~ 
amax f IIu(x, E) - (~(x’, E)lIL=LE,,.~,j: 0 5 x,x’ 5 90) 
+ 2u,u;*max E) -f(X,o+, EWE: 
0 I x, x’ IQ, p I6 + 2u&4u,-311fll@?Px, 
+ XJJ; * max 
ii 
EEMlf(x,o+, E)ldE: 0 I x I n,) 
nz 
+u;‘exp{ -90u~/6}lE~lf(x,0+,E)ldE: 0 I x I 11,). (5.7d) 
EM 
From the preceding remarks, we can conclude that with 6, q. at our 
disposal, we can make 
IlMf - M,fll~, 
smaller than any preassigned number for sufficiently large value of n. We 
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conclude then 
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1imwWf - M,fllgl = 0, 
n-ccl 
and the strong convergence of M, follows. This completes the proof. 
Remarks. At this point, we would like to give some physical interpre- 
tations of the I’, and X, defined in (5.1) and (5.2). If we recall that the 
jluctuation of a function f over an interval [a, b] is given by 
w(f) = SUP{ Ifb) -ml: a 5 x, Y 5 b}, (5 JO 
then X, is the maximum over the positional variable x and energy groups g, 
of the fluctuations of the total cross section over each energy interval I;, 
g= 1 9**-, G,. 
Similarly, for (5.1), the quantity 
-P(x,P’, E’, CL, E)+, E’) dE 
yields the fluctuation in the numbers of particles originating from a collision 
with a nucleus by a particle with initial energies in 12 and initial direction 
p’. The integration over ~1’ adds up all such fluctuations, i.e., 
-p(x,$, E’,P, E)+, E’) dE&’ 
will represent he total fluctuation or total variation in the number of 
particles generated by a collision with a stationary nucleus of a particle with 
energy in 1;. The maximum, over g’, x, p, of these fluctuations yields I’,. 
We now turn to showing the collective compactness of the sequence QM, 
defined on VP. By virtue of Proposition IV.l, such a result, together with 
the strong convergence of M, to M, will show that (I - QM,)-’ is 
uniformly bounded for all n. With the operator convergence of the sequence 
QnP, to Q, we will have the sequence (I - Q,P,M,)-’ uniformly bounded, 
by virtue of the Banach perturbation lemma [l, p. 31. It will be seen that 
uniform boundedness of the latter sequence implies the theoretical stability 
of the multigroup approximates. 
THEOREM V.l. The sequence { QM n } is a collectively compact sequence of 
operators on VP. 
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Prouj Let f be any function in VP which has norm at most one. We 
express QM,f as 
.exp(-~~;(y)dy}f(x’,$,E’)dx’d~‘dE’. 
(5 -9) 
We let B be the unit ball in VP. According to Theorem 11.1, we must show 
that the family {QMJ: f E 8, n 2 l} is equicontinuous; and that, for 
fixed x,,j.+ljx[-l,l], j=l,..., N, {QM,f(x,,j+,;): f~8, nz 
l} is relatively compact in L’[ E,,,, EM). For the latter task, we will appeal to 
the Frechet-Kohnogorov Theorem (Theorem 11.2). 
For proving equicontinuity of the set {QMJ: f E 23, n 2 1) we select 
E > 0 and find a 6 > 0, independent of f E 8, of n, of subregion 4 so that 
IIQM,f(wCL, 4 - QM,fbo+,, .)~IL~E,,E,~ < E (5.10) 
whenever ]x - x0( + 1~ - ~~1 < 6. We let x 2 x,, and write 
lQM,,fhd - QM,fb,,~,,E)l 
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We therefore have 
.@‘,/A’, E’)(dx’dE’d$ 1 dE 
1 * 
I 
sup ““*(p(x, P’, E’, PL, +b, E’) 
-1 l [/ E’ Em 
-p(xo,N, E’,po, E)dx,> E’)ldE 
Ii 
d$; 
(5 .lZa) 
J2 t J3 + J, + J6 
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and we provide the following estimates: 
Jl + J4 5 /+E+;l [S’QPb. K? E’>P? oJ(X~ E’) 
-p(q), P’, E’,Po, E)~b,~ WI 
. @exp j - ; J”q( y) dy ) lf(x’, /At, E’)I dx’d-rd,’ 
x’ 
+ JJ “, lP(X, $9 E’, P* Ebb> E’) I 2 
-p(x,-&, E’,P~, E)+oJ)l 
5 20,-‘llfllwq--1 “;p I/ 
E P(x,~“‘,E’,~L,E)o(x,E’)dE ” 
I 
(1 - exp( -~M~~~}) dp’. (5.12b) 
From Assumption A and part (iii) of Assumption B, we see that the last 
expression in (5.12a) can be made less than ~/3 by choosing (x, p) ap- 
propriately close to (x0, ,u~). We split up the right-hand side of (5.12b) in 
246 H. D. VICTORY, JR. 
the following manner: 
(5.13) 
For the middle integral in the above, we choose no so that 
E~~(~,~',E',~,E)u(~,E')dE 1 dp' -c e/6; (5.14a) 
the other two integrals will be dominated by 
(5.14b) 
The equicontinuity of the set {QMJ: jlfllgp I 1, n 2 l} follows. 
From Theorem 11.1, it remains to show that for any (x0, po) E Ij X 
[-l,l], j = l)..., N, the set {QM,f(xo,~o, *): Ilfl14 s 1, n 2 1> 1s a 
relatively compact subset of L’[E,,,, EM). Toward this end, we proceed to 
prove the uniform boundedness of this set. We observe that 
sup / E”IQW(xo, PO, E)W /EB Em 
. [ /%P’(xo - x’>)lP’l-l 
0 
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.exp(-~~~(y)dy)lf(x’,P).E~),dx’]dE’d~’ 
5 wjJ1( s;p ~EMPtxo9 P!? E’, PO? EMXO~ E’) dE) 
m 
* [ j*H(P’(xo - x’))I~T1exP{ -s,txo - x’)/P’) dx’ Wllfk 
0 1 
5 u;lj;l( s:pj;“&, $9 E’, cc,, Ebb,, E’) dE) dc1’. (5.15) 
,“s,y; the unifo; boundedness of the family {QM,f(xo, po, e) : f E 
, 
It remains to show that 
~~~EMIQW(~o~~~J + 4 - QMnfb,,,~o,+= 
m 
approaches zero uniformly in f E 23 and in n. We have 
/ E"~QM,f(X,,~~,E + +QM,f(x,,po,E)ldE Etl, 
-IJ(x’,p’, E’)(dx’dE’dp’dE 
G” 
SC l I /[I E”lp(~o,~t, E’, ~0, E + f) 
g’=l -1 12 E,,, 
-p(xo,~‘, E’,Po, E)i+,, E’) dE 
I 
*[ jUH(CTXo - 
0 
x.)hT~x~( - f[~~;b) &} 
- If( x’, /A’, E’) I dx’ 1 dE’dp’ 
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-Ax,, P’, E’, ~0, E)lh,, E’) dE 
1 
- x’))I$I-‘exp{ -a,(~, - x’)/$} dx’ 1 d$ 
$, E’, ~0, E + t) 
-p(x,,,L E’,P,,, E)b(x,, E’) dE 1 d/J. 
(5.16) 
From part (iv) of Assumption B, we see that 
t oIEL;“IQWJb,~~oJ + d - QMnfboaoJ)ldE = 0 lim 
111 
uniformly in f E !8 and in n. 
Finally, we remark that if E, = 00, we can also show that 
Ea-“~~~lQM.f(x~,~o,E)ldE = 0 lim 
uniformly in f E %J and in n. This is because 
P(x,, P’, E’, Y,, E) dE &’ 1 (5.17) 
and the right-hand side will approach zero by virtue of (2.13). This com- 
pletes the proof of Theorem V.l. 
From the remarks preceding Theorem V-1, we see that there exists an N,, 
so that for n 2 N,, (I - QM,)-’ is uniformly bounded on VP. This, of 
course, implies that (I - Q,P,,M,)-1 is likewise uniformly bounded. Our 
convergence result is immediate: 
THEOREM V.2. Let the original transport problem (2.3) be subcritical; i.e., 
wpo= that IWQII,, < 1. Then the approximations 9” converge to + under 
the conditions that both X,, and r,, converge to zero as n + 00. 
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Prooj From (2.3) and (3.7) we conclude that the exact and approximate 
collision source densities, Q‘k and Q,P,,k”, solve respectively 
Q’P = QMQ9 + QMq + Qu, (5.18a) 
Q,P,\k” = QJ’,M,Q,P,\k” + Q,P,M,q + QnP,,u,, (5.18b) 
with the result that the error in Q,,P,,k” satisfies 
Q* - Q,P,\kn = (1 - Q,,P,M,,)-‘[(QM - Q,P,M,)Qq 
+ (QM - Q,P,M,)q + (Qu - Q,P,un>] . t5.19) 
We first conclude that (5.18b) is uniquely solvable for Q,,P,,k’ in %?‘. Also, 
an analysis similar to that used for showing the strong convergence of M, to 
M will show the convergence of u, to u in %r. Finally, under the conditions 
that X,, I, + 0 as n --, 00, we see that Q,P,,k” -+ Q‘k in VP. 
The convergence of \k” to \k in ??r follows by using the pointwise 
convergence and uniform boundedness of the sequence M, in the following 
equation for the errors in \k”: 
\k - ‘I’” = (M - M,)Q\k + MJQ’I’ - Q,P,,‘IJ~) 
+(M - M,)q + u - u,. 
This completes the proof of Theorem V.2. 
(5.20) 
Remarks. (A) From the fact that solutions of (3.1) and (3.2a), (3.2b) will 
generate solutions of (3.5) and (3.6a), (3.6b), and vice versa, we have 
rigorously proved the existence and uniqueness of the multigroup approxi- 
mations { q:(x, j.~), g = 1, . . . , G, } in subcritical transport media at least 
for n sufficiently large. Also, 
and therefore the multigroup approximations converge in the exact sense 
described by Nelson [8] for rod media. 
(B) In the proof of the preceding theorem we note that consistency of 
the multigroup approximations is due to both the strong (pointwise) conver- 
gence of M, to M and the operator convergence of Q,P,, to Q which are 
guaranteed by requiring X, and I, to approach zero as n -+ cc. This is 
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precisely the same result obtained in [9] by Nelson and Victory, who use 
very different analytical techniques for a different normed setting. Also, 
stability of the multigroup approximations i determined by the uniform 
boundedness of the sequence (I - Q,P,M,)-‘, which has been shown to 
hold for general subcritical media rather than for the somewhat restrictive 
submultiplying ones considered in [9]. 
APPENDIX A: PROOF OF LEMMA II.1 
We first show that Mf(x, p, E) is piecewise continuous as a mapping 
from [O, a] X {[-1, -qO] U [qO,l]}, no > 0, to L’[E,, E,); then we show 
that Mf(x, ~1, E) can be extended to have the continuity features ascribed 
to wt by means of 
Mf(O, P, E) 
10, P E CAlI 9 
(A.la) 
P E [-LO); 
(A.lb) 
Mf(x, 0, E) = f(x, 0, E)/+, E), O<x<a. (A.lc) 
In (A.lc), Mf(aj, 0, E) and Mf(& 0, E) are taken to mean 
lim x + ,;Mf(x, 0, E) and Em, +sT Mf( n, 0, E), respectively, whenever zj 
#Oand~#u. 
We now turn to the first task; for simplicity we let p,,, pi E [no, l] and 
note that 
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64.2) 
Assumption A, concerning the boundedness and piecewise continuity prop- 
erties of u, along with the uniform continuity properties of f as a mapping 
from each 4 X {[-1, -Q-J U [q,,,l]} to L’[E,,,, ~5~) for each j = 
1,2,. . . , N, shows that the estimates in (A.2) can be made smaller than any 
preassigned positive number by taking (x0, pO) sufficiently close to (x;, pr). 
We now show that the extension of Mf to values of p = 0, x E Ii, 
j=l , . . . , iV, and to x = 0 and x = a, preserves the regularity properties 
ascribed to WI. Toward this end, we prove that in L’[E,, E,), (i) for 
x, x’ E (aj, p,>, j = 1,. . . ) K Mf(x’, ~1, El -+ f(x, 0, JWu(x, E) as x’ + 
x, p + 0, with one-sided limits at the endpoints aj, fij; (ii) for p > 0, 
Mf(x,p, E) + M./la, P, 0 @i) Mf(a, P, E) + f(a, O+, E)/u(a, E) as 
P -, O+; (iv) for P < 0, Mf(x, pL, El + Mf(O, P, 0 69 M./W, P, E) -+ 
f(O,O-, E)/u(O, E) as p + O-. 
For (i), we observe that for x, x0 E (aj, a,), p + O+, 
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_ f(-%O+~ J9 & 
+o, a 
4Gq - +o, q 
. max 
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We conclude that 
uniformly in x0 for x,, bounded away from zero. In a similar manner, we 
can show 
lim sup 
J I 
EM Mf(w, E) - 
fboK El dE = o 
x-+x0 E,,, 4x0, E) 
. (A-5) 
p-0- 
It is trivial to show that for p > 0, Mf(x, p, E) + Mf(a, p, E) as x --, a 
in L’[E,, EM) and that for p < 0, Mf(x, p., E) + Mf(0, p, E) in 
L'[E,, EM) as x -+ 0. To show that Mf(x, p, E) is continuous in (x, p), x 
bounded away from zero, and p E [0, 11, it remains to show that 
Mf(a, P, E) --f f(O+> E)/h E) asp+‘+ (A4 
in L'[E,,,, EM). To this end, we have 
exp 4.h E) dY 
_ f(o+J) + f(%o+J) dx’ 
~(a, E) da, E) I 
_ f(‘,‘+, E) dE 
da, E) 
I 2u~/‘~~‘p (exp( - u,q/p) - exp( - u,u/p)) 
f(X’A E) _ f(d+, E) dE 
u(x’, E) u(a,E) ’ 
(A.7) 
254 
Hence, 
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lim sup lEM 
p-o+ Em 
Mf( a, /A, E) - ‘I”;HB;) 1 dE = 0. (A-8) 3 
In a similar manner, we can show 
lim sup J” 
/L-O- 4, 
Mf(0, /A, E) - ‘(f&p’ 
, 
dE=O, (A.9) 
sfromVP to%i as and we conclude that M has the mapping propertie 
asserted. We also note that 
(A.lO) 
and the proof of Lemma II.1 is complete. 
APPENDIX B: PROOF OF LEMMA 11.2 
We let f E %i. Then we observe that 
’ !E:LEM!: 1 P(x,~‘,E’,~,E)a(x,E’)lf(x,~“‘,E’)Id~’dE’dE 
= r,,,“‘(, 
EM EM 
hv’JhE)dE a(x,E’)If(x,EL’,E’)IdE’d~’ 
m 4 
The interchanging of orders of integration can be justified by appealing to 
the Fubini-Tonelli theorem [12, p. 1401. These estimates how that for each 
(x, II) E 1, x I- 1, 11, j = 1,. . . , N, Qf(x, P, .> E LYE,, EM>. 
To show that Qf E VP, we estimate for x, x0 E I,, 
I, ( 
YlQf ~0) - Qf(x,+,&ld~ 
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. I+, E’) - (~(q,, E’)I If(x, p’, E’)Jd/.ddE’dE 
.If(x,p’,E’) -f(x,,/.d,E’)Idp’dE’dE = J1 + J2 + J3. 034 
Part (iii) of Assumption B, along with the boundedness of u, shows that J1 
can be made smaller than e/3 by choosing (x, p) sufficiently close to 
(x,, pe); similarly J2 can be made smaller than s/3 by virtue of the 
continuity assumption imposed on u in Assumption A. We express J3 as 
dfb, P’, E’) 9(x,,, P’, E’)l dp’dE’dE 
.If(x,p’, E’) -f(xo,p’, E’)ldp’dE’dE. (B.3) 
For the second integral, we choose no so that 
I 211fllor,/90 SUP ?+o, CL’, E’, ~-lo, Ebbo, E’) dE G’ 
-vo E’ I 
-c E/9, (B-4) 
by virtue of part (ii) of Assumption B. Now f is a uniformly continuous 
mapping of the sets fi x {[-1, -qo] u [qO,l]} to L’[E,, EM) for each 
j=l , . . . , N. From thrs fact, and by virtue of part (i) of Assumption B 
concerning p(x, p’, E’, ~1, E), we deduce that the first and third integrals in 
(B.3) can be made smaller than &/9 by choosing (x, p) sufficiently close to 
(x0, PO). 
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APPENDIX C: STRONGCONVERGENCEOF M, TOM 
We consider the case of p 2 0, as the analysis for p I 0 is similar. We 
select an arbitrary f E VP, and note that 
For values of p 1 6 > 0, 6 arbitrary, we estimate 
Therefore, for (x, ~2) in the region 
- 1). 
((x,/.4): 0 5 x 5 a, y 2 S}, 
(C.2) 
-M,f(x, p, E)) dE 2 ~~‘llfIl~~[exp(~,~/~) - 11. (C.3) 
We now consider the case when p 5 6 and x 2 qo, where q. has been 
defined in (5.6). Without loss of generality, we shall assume q. < 1. We 
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obtain for (X,/A) in the region {(x, p): x 2 q,, ,u I S}, 
2 4u,u~211fII~~exp(-u,~o/2~) 
+2u;‘exp( -u,q0/26)max lEMif(x,O+, E)ldE: 
i 
x 2 70 
Et,, I 
+NdG31/fllv~max( Ibk E) - (~(6 ~)I~~E,,.E~~ : 
x- J%xQx 
2- - I 
+ 2u,u;2max 
i/ 
EEMlf(Xt,P, E) -f(X,o+, E)ldE: 
“3 
q0 x - Yj- I x’ I x, p 2 6 
i 
+ a; 2Xn max 
I/ 
EEMllf(x,O+, E)ldE: x 2 n,) + ~%~,3ufIlv?~. 
*,I 
(C.4) 
For x I qo, we consider two regions: (i) {(x, p) : x I qo, x I (qo/6)p, 
p 5 S}, and (ii) {(x,~): (qo/S)p I x I q,, p I S}. For both of these 
cases, we express Mf(x, p, E) - M,f(x, p, E) in the form: 
Mf(x, E”, E) - M,f(x, PL, E) 
+f(x,O,E) 
[ 
l - - 1 
(J(x, q $Yx) 1 
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(x’, E) E ([O, x] x zgn: a(x’, E) - qx’) 2 o}; 
The estimate for the first case is 
;“~j:EMIMf’“~~. E) - %Kw-dW~ 5 %.,o,-‘llfll,p 
x* )11 
.max( [10(x, E) - 0(x’, J~)II~~[E,,.E~) : 0 5 x5 x’ 5 qo) 
+2u,u;*max 
(1 
EEMllf(xt, p, E) - f( x, 0, EN dE: 
“8 
+ 2X,u;*max 
iJ 
EEM/f(x,o, E)(dE: 0 5 x I qo 
i 
+2~~~~;~llfll~~X, + uMu;*(l - exp( -Xnrlo/6)) 
.max 
u 
E”lf(X,O, E)JdE: 0 5 x 5 770 * 
1 
(C.6) 
EtB, 
For the second case, we estimate 
max / E”IW(x,~>~) -M,fhG)I~~ (.Y.P) E,, 
I 2u,u,3 Ilfl14PX?I +%f~,-311fll~~ 
emax (IIu(x, E) - (J(x’, ~)IIL~~~,,~M~ : 0 I x,x’ 5 lo) 
+ 2u,u;*max 
V 
EEMlf(x’,CL,E) -f(x,o+J)l~~: 
m 
0 I x,x’ I Q), p I6 
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+ a; ‘exp { - q,u,/6 } max 
With 8, v. at our disposal, we see that we can make 
Wf - M,fll~I 
smaller than any preassigned positive number for sufficiently large values of 
n. We conclude that lim sup, + m IlMf - M,Jllq, = 0 and the strong conver- 
gence of M, follows. 
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